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Summary  In  computer  graphics,  computer  aided  design,  solid  modelling  and  robotics  and
pattern recognition  evaluation  of  focal  point  for  a  collection  of  line  segments  is  the  bot-
tleneck problem.  In  the  computer  era  the  signiﬁcant  importance  is  given  to  this  problem  in
present research  world,  however  resolving  its  complexity  has  persisted  imperceptible.  ThisSlope;
Common  point;
Linear  curves
paper presents  an  efﬁcient  and  optimal  algorithm  to  evaluate  intersection  point  in  Euclidean
space by  evolving  the  mathematical  analysis.  Analysis  of  mathematics  of  the  algorithm  is  rather
seems to  be  intricate  but  implementation  of  algorithm  is  simple  and  straightforward.
© 2016  Published  by  Elsevier  GmbH.  This  is  an  open  access  article  under  the  CC  BY-NC-ND  license
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Introduction
In  computer  graphics  evaluating  the  focal  or  intersection
point  of  two  or  more  linear  curves  is  a  common  operation
and  need  a  conventional  method  to  solve  the  problem.  Eval-
uating  the  focal  point  of  two  lines  arises  in  several  computer
aided  design  and  geometrical  applications  (Skala,  2008;  Che
et  al.,  2007).  The  present  existing  methods  generally  depend
 This article belongs to the special issue on Engineering and Mate-
rial Sciences.
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n  numerical  iterative  methods  based  on  the  solution  of  a
et  of  linear  equations.  These  systems  of  equations  are  gen-
rally  local  and  need  suitable  seeding  points  in  order  to  yield
onvergent  solutions  (Mitrani  and  Yakimoff,  1983).  Once  the
et  of  linear  equations  are  evaluated  for  the  given  points
hese  techniques  are  applied  to  ﬁnd  intersection  point  (Rüb,
992).  This  is  a  twofold  method  and  no  direct  method,  at
resent  is  existed.  This  article  presents  an  algorithm  based
n  geometry  to  ﬁnd  the  intersections  of  two  linear  curves
ypassing  the  intermediate  step  of  evaluating  linear  curves.
The  implementation  must  be  robust  and  needs  to  give
ast  solution.  It  has  to  support  general  curves  with  end
oints  and  handle  all  degenerate  cases,  including  vertical
egments,  overlapping  curves,  and  tangency  between
urves  (Zalik,  2000;  Seong  et  al.,  2010;  Liu  et  al.  2007).  A
ew  of  these  cases  have  been  shown  in  Fig.  1.  The  robustness
icle under the CC BY-NC-ND license (http://creativecommons.org/
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From  Eq.  (5),  special  cases  can  be  considered  with  one  of
the  lines  is  parallel  to  x-  axis  or  y-axis  and  slope  of  one  line
is  the  multiple  of  other  line.  These  special  cases  presented
in  the  following  section.Figure  1  Geometrical  systems  plotted  with  linear  cu
f  the  algorithm  is  to  be  guaranteed  if  the  functions  are  fast
nough  to  compute  which  involves  proﬁcient  calculations.
Simple  algorithms  inspect  each  and  every  pair  of  seg-
ents  which  is  common  to  both  lines  (Wu,  2012;  Gaspar
nd  Martins-Ferreira,  2014).  This  method  becomes  gradually
ncompetent  to  check  large  number  of  possibly  intersecting
inear  curves,  since  most  pairs  of  line  segments  (Chazelle
nd  Edelsbrunner,  1992)  in  a  typical  input  sequence  are  not
lose  to  one  another.  To  solve  this  problem  the  most  common
nd  largely  using  algorithm  is  the  sweep  line  algorithm  for
ulk  line  segments,  which  depends  on  imagination  of  a  line
liding  across  the  line  segments  (Lou  and  Liu,  2012).  Using
he  same  principle  Bentley—Ottmann  (Bentley  and  Ottmann,
979)  designed  an  algorithm  in  logarithmic  time  per  inter-
ection,  based  on  all  intersections.  The  sweep-line  algorithm
omplexity  is  O((n  +  k)logn) where  n  represents  number  of
nput  curves  and  number  of  intersection  points  expressed
y  k  (Fig.  1).
lgorithm development
n  computational  geometry,  the  line  segment  intersection
roblem  deals  with  a  set  of  line  segments  with  end  points
n  the  Euclidean  plane.  There  is  a  need  to  identify  the  set
f  intersections  and  in  turn  evaluate  the  same  so  that  it
n  turn  could  be  used  in  a  wide  variety  of  applications  (Park
t  al.  2013).  It  is  essential  to  compute  all  intersection  points
etween  two  curves  directly  without  subsequent  intermedi-
te  procedures.
To  construct  geometrical  transformation  for  focal  point
n  a  list  of  line  segments,  two  lines  with  end  points  in  an  arbi-
rarily  chosen  coordinate  system  (X,Y)  have  been  taken  into
onsideration.  The  extensions  of  both  line  segments  cross  at
 point  which  in  turn  needs  to  be  evaluated.  The  orientations
f  the  two  segments  are  described  by  the  bundles  of  lines.
he  two  linear  curves  in  real  space  R2 connected  with  end
oints  (x,  y),  (u,  v)  and  (x’,  y’),  (u’,  v’)  and  slopes  of  these
ines  are  taken  as  m  and  m’  respectively.  In  Fig.  2  these  two
ines  represented  as  AB  and  CD  and  these  lines  intersects  at
he  point  R  which  has  to  be  evaluated.  ˛,  ˇ,  ,  ıx  and  ıy
re  intermediate  distances  between  points  expressed  in  the
raph.
Now  applying  geometrical  property  for  triangle  PAQ  as
entioned  in  Fig.  2,  it  can  be  professed  that  slope  of  theine  AB  is  PQ/AQ.  The  formula  for  m’  can  be  derived  from
he  same  as  shown  in  Eq.  (1).
′ =  (ˇ  +  ıy)/ıx  ⇒  ˇ  =  m′ıx  −  ıy  (1)
F
c.  Each  line  intesects  with  other  lines  at  a  focal  point.
By  following  a  similar  procedure  for  the  triangle  RCT, Eq.
2)  can  be  generated.
 =  (˛  +  ˇ)/  ⇒  ˛  +  ˇ  =  m (2)
Using  Eq.  (3),  and  RPS, one  can  attain  the  length  RS  as
 =  m′  (3)
On  solving  Eqs.  (1)—(3), length  PS  can  be  simpliﬁed  with
he  following  equation
′  +  m′ıx  −  ıy  =  m  ⇒  (m′ −  m)  =  mıx  −  ıy
On  rearranging  the  equation,
 =  (m′ıx  −  ıy)/ım  where  ım  =  m  −  m′ (4)
From  this  it  is  pragmatic  that  the  intersection  point  R  can
e  expressed  as  (x  +  ,  y  +  ˛  +  ˇ).
On  simplifying  the  same,  the  focal  point  which  is  common
oint  to  line  segments  can  be  expressed  as  R(x  +  ,  y  +  m).
Hence  the  geometrical  transformation  to  the  intersection
oint  expressed  in  Eq.  (4)  can  be  expressed  in  homogeneous
ransformation  form  as  sown  in  Eq.  (5).
X
Y
1
⎤
⎦ =
⎡
⎣
1 0  (m′ıx  −  ıy)/ım
0  1  m(m′ıx  −  ıy)/ım
0  0  1
⎤
⎦
⎡
⎣
x
y
1
⎤
⎦ (5)igure  2  Graphical  form  of  two  lines  intersect  each  other  at
onverging  point.
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Case  I:  One  of  the  lines  is  parallel  to  x-axis  in  the  coor-
dinate  system,  then  slope  of  the  line  tends  to  zero.  Hence
m’  →  0:
Lt
m′→0
X  =  Lt
m′→0
{
x  + m′ıx−ıy
m−m′
}
(6)
⇒  X  =  x  −  ıy/m  ⇒  X  =  x  − x
y
ıy  (7)
The  corresponding  y  value  tends  to
Lt
m′→0
Y  =  Lt
m′→0
{
y  +  m m′ıx−ıy
m−m′
}
(8)
Y  =  y  −  mıy/m  ⇒  Y  =  y  (9)
With  the  help  of  Eqs.  (7)  and  (8),  Eq.  (5)  further  simpliﬁed
and  expressed  in  homogeneous  coordinate  system  as:
⎡
⎣
X
Y
1
⎤
⎦ =
⎡
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1  0  −ıy/m′
0  1  0
0  0  1
⎤
⎦
⎡
⎣
x
y
1
⎤
⎦ (10)
Case  II:  Similar  procedure  can  be  applied  for  the  line  that
is  parallel  to  y-axis.  The  line  AB  is  considered  to  be  parallel
to  y-axis.  The  slope  of  this  line  will  tend  to  inﬁnity.
Hence  as  m′→  ∞,  the  value  of  focal  point  converges  in
the  form  as:
Lt
m′→∞
X  =  Lt
m′→∞
{
x  + m′ıx−ıy
m−m′
}
(11)
X  =  x  −  ıx  ⇒  X  =  x ′ (12)
Its  corresponding  y  value  becomes
Lt
m′→∞
Y  =  Lt
m′→∞
{
y  +  m m′ıx−ıy
m−m′
}
(13)
Y  =  y  −  mıy  ⇒  Y  = y
x
y ′ (14)
Hence  for  the  line  segments  with  a  line  parallel  to  y-axis,
the  homogeneous  transformation  is:
⎡
⎣
X
Y
1
⎤
⎦ =
⎡
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1  0  0
0  1  −m′ıy
0  0  1
⎤
⎦
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x
y
1
⎤
⎦ (15)
Case  III:  Slope  of  a  line  is  multiple  to  other  slope  of  the
line.  Let  the  ratio  of  the  slopes  is  constant,  say  k  then  it  can
be  expressed  in  convenient  form  as  m  =  km  ’.  Then  Eq.  (4)
can  be  expressed  as;
  =  (m′ıx  −  ıy)/m′(k  −  1)  (16)
Substituting  Eq.  (15)  in  R(x  +  ,  y  +  m)  the  ﬂoating  point
can  be  expressed  as
(x  +  (m′ıx  −  ıy)/m′(k  −  1),  y  +  m(m′ıx  −  ıy)/m′(k  −  1))
(17)
1
k  −  1
{
kx  −  x ′ −  ıy/m′, ky ′ −  y  +  m′ıx} (18)
Zˇmation  21
From  Eq.  (18)  it  can  be  easily  observed  that  as  k  →  1,
oth  slopes  of  line  segments  become  equal  to  same  value
nd  hence  in  this  case  intersection  point  converges  inﬁnites-
mally.  Homogeneous  transformations  expressed  in  Eqs.  (5),
10)  and  (15)  are  can  be  used  to  evaluate  intersection  points
or  set  of  line  segments.  These  transformations  are  helpful
o  evaluate  intersection  points  of  the  linear  curves  in  a  two
imensional  coordinate  system.
onclusion
his  paper  presents  a theoretical  approach  to  ﬁnd  intersec-
ion  points  on  interpolating  results  for  the  line-segments.
 model  and  geometrical  transformation  is  proposed  to
valuate  possible  intersection  that  underlies  the  position
stimation  of  the  intersection  point  between  two  converg-
ng  line  segments.  Attempts  to  evaluate  converging  point  in
his  paper  is  restricted  to  two  dimensional  coordinate  sys-
em  and  results  are  evaluted  by  extrapolation,  although  they
an  be  generalized  to  other  cases.
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